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a b s t r a c t
A proper vertex coloring of a graph G is linear if the graph induced by the vertices of any
two color classes is a union of vertex-disjoint paths. The linear chromatic number lc(G) of G
is the smallest number of colors in a linear coloring of G.
Let G be a graph with maximum degree ∆(G). In this paper we prove the following
results: (1) lc(G) ≤ 12 (∆(G)2 + ∆(G)); (2) lc(G) ≤ 8 if ∆(G) ≤ 4; (3) lc(G) ≤ 14 if
∆(G) ≤ 5; (4) lc(G) ≤ ⌊0.9∆(G)⌋ + 5 if G is planar and∆(G) ≥ 52.
© 2010 Published by Elsevier B.V.
1. Introduction
All graphs considered in this paper are finite simple graphs. A plane graph is a particular embedding of a planar graph
on the Euclidean plane. For a graph G, we use V (G), E(G),∆(G) and δ(G) to denote, respectively, its vertex set, edge set,
maximum degree, and minimum degree. For v ∈ V (G), let dG(v) (or simply d(v)) denote the degree of v in G, and let NG(v)
denote the set of neighbors of v in G. A k-vertex is a vertex of degree k. The girth g(G) of a graph G is the length of a shortest
cycle in G.
A proper k-coloring of a graph G is a mapping c from V (G) to the set of colors {1, 2, . . . , k} such that any two adjacent
vertices have different colors. A linear k-coloring of a graph G is a proper k-coloring of G such that the graph induced by the
vertices of any two color classes is a union of vertex-disjoint paths. The linear chromatic number lc(G) of a graph G is the
smallest number k such that G has a linear k-coloring.
A graph G is linearly L-colorable if for a given list assignment L = {L(v)|v ∈ V (G)}, there exists a linear coloring c of G
such that c(v) ∈ L(v) for each vertex v ∈ V (G). If G is linearly L-colorable for any assignment L satisfying |L(v)| ≥ k for
any v ∈ V (G), then G is said to be linearly k-choosable. The smallest integer k such that G is linearly k-choosable is called the
linear choice number, denoted byΛl(G). By definition, it is obvious that lc(G) ≤ Λl(G) for any graph G.
Yuster [8] first introduced the linear coloring of graphs.With the probabilistic method, he proved that lc(G) = O(∆(G) 32 )
for a general graph G, and constructed graphs Gwith lc(G) = Ω(∆(G) 32 ).
A generalization of linear coloring is frugal coloring of graphs, considered by Hind et al. in [4]. A graph G is k-frugal if G
can be properly colored so that no color appears k times in any vertex neighborhood. Such a coloring is a k-frugal coloring of
G. Thus a linear coloring is just a 3-frugal coloring.
Esperet et al. [3] first investigated linear choosability for some classical families of graphs such as trees, grids, bipartite
complete graphs, planar graphs, outerplanar graphs, graphs with maximum degree 3 or 4, graphs with given maximum
average degree, etc. In particular, they proved the following results:
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Theorem 1 ([3]). Let G be a planar graph.
(1) If ∆(G) ≥ 12, thenΛl(G) ≤ ∆(G)+ 26.
(2) If g(G) ≥ 16 and∆(G) ≥ 3, thenΛl(G) =

∆(G)
2

+ 1.
(3) If g(G) ≥ 10, thenΛl(G) ≤

∆(G)
2

+ 2.
(4) If g(G) ≥ 8, thenΛl(G) ≤

∆(G)
2

+ 3.
Raspaud and Wang [5] showed the following:
Theorem 2 ([5]). Every planar graph G has lc(G) =

∆(G)
2

+ 1 if there is a pair (k, g) ∈ {(13, 7), (7, 9), (5, 11), (3, 13)}
such that G satisfies∆(G) ≥ k and G has girth at least g.
Wang and Li [7] extended the above result by showing the following:
Theorem 3 ([7]). Every graph G embeddable in a surface of nonnegative characteristic has lc(G) =

∆(G)
2

+ 1 if there is a pair
(k, g) ∈ {(13, 7), (9, 8), (5, 10), (3, 13)} such that G satisfies∆(G) ≥ k and G has girth at least g.
In this paper we prove the following results: (1) lc(G) ≤ 12 (∆(G)2 +∆(G)) for any graph G; (2) lc(G) ≤ 8 if G is a graph
with ∆(G) ≤ 4; (3) lc(G) ≤ 14 if G is a graph with ∆(G) ≤ 5; and (4) lc(G) ≤ ⌊0.9∆(G)⌋ + 5 if G is a planar graph with
∆(G) ≥ 52.
2. A general upper bound
Let S be amultiple set; that is, its elementsmay occur repeatedly. Let τ(S)denote themaximummultiplicity of an element
occurring in S. Given a partial linear coloring c of a graph G using the color set C and a vertex v ∈ V (G), we use C2(v) to
denote the set of colors that appear exactly twice in NG(v). For V0 ⊆ V (G), we use C≥2(V0) to denote the set of colors that
appear at least twice in V0.
Theorem 4. Let G be a graph with∆(G) ≥ 2. Then lc(G) ≤ 12 (∆(G)2 +∆(G)).
Proof. Set K = 12 (∆(G)2 + ∆(G)). We prove the theorem by induction on the number of edges of G. If |E(G)| = ∆(G),
then it is easy to see that G is a forest and hence lc(G) ≤ ∆(G) by Proposition 2 in [3]. Assume that G is a graph with
∆(G) ≥ 2 and |E(G)| ≥ ∆(G) + 1. Let v be a ∆(G)-vertex of G with neighbors v1, v2, . . . , v∆(G). For 1 ≤ i ≤ ∆(G), let
v1i , v
2
i , . . . , v
d(vi)−1
i denote the neighbors of vi different from v. If H = G − vv1, then H is a graph with ∆(H) ≤ ∆(G) and|E(H)| = |E(G)| − 1. By the induction assumption, H admits a linear K -coloring c using the color set C = {1, 2, . . . , K}. Let
S = {c(v1), c(v2), . . . , c(v∆(G))}. Since τ(S \ {c(v1)}) ≤ 2 by the definition of c , we get τ(S) ≤ 3. The proof is divided into
two cases as follows:
Case 1. τ(S) ≤ 2.
If τ(S) = 2, i.e., at least one pair of vertices in S has same color, thenwe recolor vwith a color in C\(S∪C≥2(∆(G)i=1 NG(vi)\
{v})). Since |S| ≤ d(v) − 1 ≤ ∆(G) − 1 and |C \ (S ∪ C≥2(∆(G)i=1 NG(vi) \ {v}))| ≥ |C | − |S| −  12 ∑∆(G)i=1 (d(vi)− 1) ≥
1
2 (∆(G)
2 +∆(G))− (∆(G)− 1)−  12∆(G)(∆(G)− 1) ≥ 1, c can be extended to the whole graph G.
Assume that τ(S) = 1, i.e., all the neighbors of v are colored with different colors. If there exist two vertices in
{v11, v21, . . . , vd(v1)−11 } that were assigned to same color, we first erase the color of v1 and then linearly recolor v similar
to the previous case. Now, τ({c(v), c(v11), . . . , c(vd(v1)−11 )}) = 2, so the coloring for v1 can be reduced to the previous
case. Suppose that all vertices in {v11, v21, . . . , vd(v1)−11 } are colored with different colors. In this case, it suffices to recolor v
with a color in C \ (S ∪ (∆(G)i=2 C2(vi))). It is easy to show that |C \ (S ∪ (∆(G)i=2 C2(vi)))| ≥ |C | − |S| −∑∆(G)i=2 |C2(vi)| ≥
|C | − ∆(G) −∑∆(G)i=2  d(vi)−12  ≥ 12 (∆(G)2 + ∆(G)) − ∆(G) − (∆(G) − 1)∆(G)−12  = β∗. If ∆(G) = 2, then β∗ = 1. If
∆(G) ≥ 3, then β∗ ≥ 12 (∆(G)− 1) ≥ 1. Thus, it always holds that |C \ (S ∪ (
∆(G)
i=2 C2(vi)))| ≥ 1, so c is extended to G.
Case 2. τ(S) = 3.
It follows that c(v1) = c(vi) = c(vj) for some 2 ≤ i, j ≤ ∆(G) with i ≠ j. We erase the color of v and then recolor v1
with a color a ∈ C \ ({c(v11), c(v21), . . . , c(vd(v1)−11 )}∪C≥2((NG(v)∪
d(v1)−1
i=1 NG(v
i
1))\{v1})). Since the number of forbidden
colors for v1 is at most 12 (∆(G)
2 +∆(G))− 1, the color a exists. Noting that τ((S \ {c(v1)})∪ {a}) ≤ 2, we reduce the proof
to Case 1. This completes the proof of the theorem. 
When∆(G) = 2, the upper bound 12 (∆(G)2 +∆(G)) in Theorem 4 is tight. However, when∆(G) ≥ 3, this bound seems
to be not the best possible.
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3. Graphs with maximum degree 4 or 5
It was proved in [3] that every graph Gwith∆(G) ≤ 4 is linearly 9-choosable, so lc(G) ≤ 9. In this section, we shall first
improve this result to 8.
Lemma 5 ([3]). If G is a graph with∆(G) ≤ 3, then lc(G) ≤ 5.
Theorem 6. If G is a graph with∆(G) ≤ 4, then lc(G) ≤ 8.
Proof. We prove the theorem by induction on the number of vertices of G. If |V (G)| ≤ 8, the result holds trivially. Assume
that G is a graph with ∆(G) ≤ 4 and |V (G)| ≥ 9. If ∆(G) ≤ 3, it follows from Lemma 5 that lc(G) ≤ 5. So suppose that
∆(G) = 4. Let v be a 4-vertex with v1, v2, v3, v4 as its neighbors. Without loss of generality, we may suppose that d(vi) = 4
for i ∈ {1, 2, 3, 4}, for otherwise we can give an easier discussion. For 1 ≤ i ≤ 4, let v1i , v2i , v3i be the other neighbors of
vi different from v. We consider the subgraph H = G − v ⊕ {v1v2, v3v4}, which is defined as H = G − v + {v1v2, v3v4}
if v1v2, v3v4 ∉ E(G), as H = G − v + {v1v2} if v1v2 ∉ E(G) and v3v4 ∈ E(G), as H = G − v + {v3v4} if v1v2 ∈ E(G) and
v3v4 ∉ E(G), and as H = G − v if v1v2, v3v4 ∈ E(G). By the induction hypothesis or Lemma 5, H has a linear 8-coloring c
using the color set C = {1, 2, . . . , 8}, with c(v1) = 1 and c(v2) = 2. By symmetry, it suffices to consider the following three
cases:
Case 1. c(v3) = 3 and c(v4) = 4.
If there is a ∈ {5, 6, 7, 8} appearing at most once in NG(vi) \ {v} for each i = 1, 2, 3, 4, we color v with a. Otherwise,
assume that c(v1i ) = c(v2i ) = i+ 4 for i = 1, 2, 3, 4. We first recolor v1 with a color b ∈ C \ ({1, 5, c(v31)} ∪ C≥2((NG(v11) ∪
NG(v21) ∪ NG(v31)) \ {v1})) and then color v with 1. Since |{1, 5, c(v31)} ∪ C≥2((NG(v11) ∪ NG(v21) ∪ NG(v31)) \ {v1})| ≤
3+

d(v11 )−1+d(v21 )−1+d(v31 )−1
2

≤ 3+  3+3+32  ≤ 7, whereas |C | = 8, the color b exists.
Case 2. c(v3) = 3 and c(v4) = 1.
If there is a ∈ {4, 5, 6, 7, 8} appearing at most once in NG(vi) \ {v} for each i = 2, 3 and at most once in (NG(v1) ∪
NG(v4)) \ {v}, then we color v with a. Otherwise, we may assume that c(v12) = c(v22) = 4, c(v13) = c(v23) = 5, and
6, 7, 8 ∈ C≥2((NG(v1) ∪ NG(v4)) \ {v}).
First, assume that v11, v
2
1, v
3
1 are colored with different colors, i.e., 6, 7, 8. We recolor v1 with a color a ∈ {2, 3, 4, 5} \
((C2(v11) ∪ C2(v21) ∪ C2(v31)) \ {1}) and then color v with a color in {6, 7, 8} \ {c(v32), c(v33)}. Since |(C2(v11) ∪ C2(v21) ∪
C2(v31)) \ {1}| ≤ 3, the color a exists.
Next, assume that c(v11) = c(v21) = 6 and c(v14) = c(v24) = 7. It follows that c(v31) = c(v34) = 8. Without
loss of generality, assume that d(v11) = 4 and let y1, y2, y3 be the other neighbors of v11 different from v1. Recolor v11
with a color a in the following two ways and then color v with 6: (i) If c(y1), c(y2), c(y3) are mutually distinct, we take
a ∈ C \ ({6, c(y1), c(y2), c(y3)} ∪ ((C2(y1) ∪ C2(y2) ∪ C2(y3)) \ {1})). (ii) If c(y1) = c(y2) and c(y1) ≠ c(y3), we take
a ∈ C \ ({6, c(y1), c(y3)} ∪ (C2(y3) \ {1})) ∪ (C≥2((NG(y1) ∪ NG(y2)) \ {v11})). It is easy to inspect that the number of
forbidden colors for v11 in both cases is at most 7, therefore a exists. If a ≠ 1, we are done. Otherwise, we need to recolor v1
with 7.
Case 3. c(v3) = 2 and c(v4) = 1.
If there is a ∈ {3, 4, 5, 6, 7, 8} appearing at most once in both (NG(v1) ∪ NG(v4)) \ {v} and (NG(v2) ∪ NG(v3)) \ {v}, then
we color v with a. Otherwise, we may assume that 3, 4, 5 ∈ C≥2((NG(v2) ∪ NG(v3)) \ {v}) and 6, 7, 8 ∈ C≥2((NG(v1) ∪
NG(v4)) \ {v}). By symmetry, we consider two subcases as follows:
Case 3.1. c(v11) = 6, c(v21) = 7, and c(v31) = 8.
It is easy to derive that v14, v
2
4, v
3
4 are also colored different colors, i.e., 6, 7, 8. We recolor v1 with a color a ∈ {2, 3, 4, 5} \
((C2(v11) ∪ C2(v21) ∪ C2(v31)) \ {1}). Since |(C2(v11) ∪ C2(v21) ∪ C2(v31)) \ {1}| ≤ 3, a exists. If a ≠ 2, the proof is reduced to
Case 2. Otherwise, a = 2, we have two possibilities below:
If v12, v
2
2, v
3
2 are colored with different colors, i.e., 3, 4, 5, we similarly recolor v2 with a color b ∈ {1, 6, 7, 8} \ ((C2(v12)∪
C2(v22) ∪ C2(v32)) \ {2}). Since |(C2(v12) ∪ C2(v22) ∪ C2(v32)) \ {2}| ≤ 3, b exists. If b ≠ 1, the proof is reduced to Case 2. If
b = 1, we color v with 6.
If two of v12, v
2
2, v
3
2 are colored with same color, say c(v
1
2) = c(v22) = 3 and c(v32) = 4, we recolor v2 with a color
b ∈ {1, 5, 6, 7, 8}\((C2(v32)\{2}))∪((C≥2(NG(v12)∪NG(v22))\{v1})). Since |(C2(v32)\{2})∪((C≥2(NG(v12)∪NG(v22))\{v1})| ≤
|(C2(v32) \ {2})| + |C≥2(NG(v12)∪ NG(v22)) \ {v1})| ≤ 1+ 3 = 4, b exists. If b ≠ 1, the proof is reduced to Case 2. If b = 1, we
color v with 6.
Case 3.2. c(v11) = c(v21) = 6 and c(v31) = 8.
In view of discussion for Case 3.1, we may further assume that c(v14) = c(v24) = 7, c(v34) = 8, c(v12) = c(v22) = 3,
c(v13) = c(v23) = 4, and c(v32) = c(v33) = 5. We recolor v1 with a color a ∈ {2, 3, 4, 5, 7} \ ((C2(v31) \ {1}) ∪ C≥2((NG(v11) ∪
NG(v21)) \ {v1})). Since |(C2(v31) \ {1})∪ C≥2((NG(v11)∪ NG(v21)) \ {v1})| ≤ 1+ 3 = 4, a exists. If a ≠ 2, the proof is reduced
to Case 2. If a = 2, we recolor v2 with a color b ∈ {1, 4, 6, 7, 8} \ ((C2(v32) \ {2}) ∪ C≥2((NG(v12) ∪ NG(v22)) \ {v2})). Since
|(C2(v32) \ {2}) ∪ C≥2((NG(v12) ∪ NG(v22)) \ {v2})| ≤ 1+ 3 = 4, b exists. If b ≠ 1, we reduce the proof to Case 2. If b = 1, we
color v with 5. This completes the proof of the theorem. 
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We do not know if the upper bound 8 in Theorem 6 is tight. However, there exist graphs Gwith maximum degree 4 such
that lc(G) = 5, e.g., G is K5.
We now turn our attention to the case∆(G) = 5. By Theorem 4, for a graph Gwith∆(G) ≤ 5, we have lc(G) ≤ 15. This
result can be improved to the following:
Theorem 7. If G is a graph with∆(G) ≤ 5, then lc(G) ≤ 14.
Proof. We prove the theorem by induction on the number of vertices of G. If |V (G)| ≤ 14, the result holds trivially. Assume
that G is a graph with ∆(G) ≤ 5 and |V (G)| ≥ 15. If ∆(G) ≤ 4, it follows from Theorem 6 that lc(G) ≤ 8. So suppose that
∆(G) = 5. Let v be a 5-vertexwith v1, v2, . . . , v5 as its neighbors.Without loss of generality, wemay suppose that d(vi) = 5
for all i = 1, 2, . . . , 5, for otherwise we can give an easier discussion. For 1 ≤ i ≤ 5, let v1i , v2i , v3i , v4i be the other neighbors
of vi different from v. Let H = G− v ⊕ {v1v2, v4v5}. By the induction assumption or Theorem 6, H has a linear 14-coloring
c using the color set C = {1, 2, . . . , 14}. Obviously, c(v1) ≠ c(v2) and c(v4) ≠ c(v5), say c(v1) = 1 and c(v2) = 2. Let
S = {c(v1), c(v2), . . . , c(v5)}. Thus, 1 ≤ τ(S) ≤ 3. We consider the following three cases, depending on the size of τ(S).
Case 1. τ(S) = 1.
Namely, v1, v2, . . . , v5 are colored with different colors, say c(vi) = i for i = 3, 4, 5. If there is a ∈ {6, 7, . . . , 14}which
does not belong toC2(vi) for all i = 1, 2, . . . , 5,we colorvwith a. Otherwise, theremust exist b ∈ {1, 2}, say b = 1, appearing
at most once in
5
i=1 NG(vi) \ {v}, since |{6, 7, . . . , 14}| = 9 and |
5
i=1 NG(vi) \ {v}| ≤
∑5
i=1 |NG(vi) \ {v}| ≤ 5× 4 = 20.
We recolor v1 with a ∈ C \ ({1, c(v11), c(v21), c(v31), c(v41)} ∪ C≥2(
4
j=1 NG(v
j
1) \ {v1})) and then color v with 1. Since
|{1, c(v11), c(v21), c(v31), c(v41)} ∪ C≥2(
4
j=1 NG(v
j
1) \ {v1})| ≤ 5+ |C≥2(
4
j=1 NG(v
j
1) \ {v1})| ≤ 5+

1
2
∑4
j=1(d(v
j
1)− 1)

≤
5+ 12 × (4× 4) = 13, a exists.
Case 2. τ(S) = 2.
We assume, without loss of generality, that c(v5) = 1. By observing the colors of v2, v3, v4, we split the proof into the
following two subcases by symmetry.
Case 2.1. c(vi) = i for i = 2, 3, 4.
If there is a color a ∈ {5, 6, . . . , 14} that does not appear in 4i=2 C2(vi) and C≥2((NG(v1) ∪ NG(v5)) \ {v}), we
color v with a. Otherwise, each color in {5, 6, . . . , 14} appears in 4i=2 C2(vi) or in C≥2((NG(v1) ∪ NG(v5)) \ {v}). Since
|5k=1 NG(vk) \ {v}| ≤ ∑5k=1 |NG(vk) \ {v}| ≤ 5(d(vk) − 1) ≤ 5 × 4 = 20 and |{5, 6, . . . , 14} = 10, each element in
{5, 6, . . . , 14} appears exactly twice in5k=1 NG(vk) \ {v}. This implies that 2 does not appear in5k=1 NG(vk) \ {v}. Assume
that c(v12) = c(v22) = 5 and c(v32) = c(v42) = 6. We recolor v2with a color b ∈ C \ ({1, 2, 5, 6} ∪ C≥2(
4
j=1 NG(v
j
2) \ {v2}))
and then color vwith 2. Since |{1, 2, 5, 6}∪C≥2(4j=1 NG(vj2)\{v2})| ≤ 4+|C≥2(4j=1 NG(vj2)\{v2})| ≤ 4+ 12 (4×4) = 12, b
exists.
Case 2.2. c(v2) = c(v3) = 2 and c(v4) = 3.
It is easy to see that there exists a color a ∈ {4, 5, . . . , 14} that does not appear in C≥2(5i=1 NG(vi) \ {v}), since
|{4, 5, . . . , 14}| = 11 and |5i=1 NG(vi) \ {v}| ≤ 20. It suffices to color v with a.
Case 3. τ(S) = 3.
We may assume that c(v1) = c(v3) = c(v5) = 1. If c(v2) ≠ c(v4), we recolor v3 with a ∈ C \ ({1, c(v13), c(v23), c(v33),
c(v43)} ∪ C≥2(
4
j=1 NG(v
j
3) \ {v3})). Since v3 have at most 13 forbidden colors, a exists and hence the proof can be reduced
to Case 2.
Now, assume that c(v2) = c(v4) = 2. If we can linearly recolor v3 with a color in C \ {1, 2}, then the proof can
be reduced to Case 2. Otherwise, it is easy to derive that c(v13), c(v
2
3), c(v
3
3), c(v
4
3) are mutually distinct, say c(v
1
3) =
3, c(v23) = 4, c(v33) = 5, c(v43) = 6, and so
4
k=1 C2(v
k
3) \ {1} = {7, 8, . . . , 14}. Let y1, y2, y3, y4 be the other
neighbors of v13 different from v3, with c(y1) = c(y2) = 7 and c(y3) = c(y4) = 8. We linearly recolor v13 with a color
a ∈ {4, 5, 6, 9, 10, . . . , 14} \ (C≥2(4i=1 NG(yi) \ {v13})) and recolor v3 with 3. Since |C≥2(4i=1 NG(yi) \ {v13})| ≤ 8 and|{4, 5, 6, 9, 10, . . . , 14}| = 9, a exists. Afterward, the proof is reduced to Case 2. 
Similarly, it is not known if the upper bound 14 in Theorem 7 is tight. However, there exist graphs Gwith∆(G) = 5 such
that lc(G) = 6, e.g., G is K6.
4. Planar graphs
In this section, we discuss the upper bounds of linear chromatic number of planar graphs. The following lemma follows
from Theorem 1 in [1]:
Lemma 8 ([1]). Every planar graph Gwith δ(G) = 5 contains a 4-cycle vxuyv with a chord vu such that d(v) = 5 and d(u) ≤ 6.
The following result can be derived from Lemma 2.1 in [6]:
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Lemma 9 ([6]). Every planar graph G with δ(G) ≥ 3 contains a vertex v with k neighbors v1, v2, . . . , vk with d(v1) ≤ · · · ≤
d(vk) such that one of the following holds:
(A1) k = 3 with d(v1) ≤ 11;
(A2) k = 4 with d(v1) ≤ 7 and d(v2) ≤ 11;
(A3) k = 5 with d(v1) ≤ 6, d(v2) ≤ 7, and d(v3) ≤ 11.
Theorem 10. If G is a planar graph, then lc(G) ≤ ∆(G)+ 15.
Proof. We prove the theorem by induction on the number of vertices of G. If |V (G)| ≤ 15, the result holds trivially. Assume
that G is a graph with |V (G)| ≥ 16. If ∆(G) ≤ 5, the result follows from Theorem 7. If ∆(G) = 6, then by Theorem 4, we
have lc(G) ≤ 12 (∆(G)2 + ∆(G)) = 21 = ∆(G) + 15. Now assume that∆(G) ≥ 7. Let C = {1, 2, . . . ,∆(G) + 15} denote a
set of∆(G)+ 15 colors.
If G contains a 1-vertex v, then any linear (∆(G)+ 15)-coloring of G− v can be extended to the whole graph G.
If G contains a 2-vertex v with neighbors x and y, we let H = G − v. By the induction assumption, H has a linear
(∆(G) + 15)-coloring c using the color set C . We color v with a color a ∈ C \ ({c(x), c(y)} ∪ C≥2(NH(x) ∪ NH(y))). Since
|{c(x), c(y)} ∪ C≥2(NH(x) ∪ NH(y))| ≤ 2+

d(x)−1+d(y)−1
2

≤ ∆(G)+ 1, whereas |C | = ∆(G)+ 15, the color a exists.
From now on, we assume that δ(G) ≥ 3. The proof is divided into the following two cases:
Case 1. 7 ≤ ∆(G) ≤ 8.
IfG contains a 3-vertex v adjacent to x, y, z, we setH = G−v⊕xy. By the induction hypothesis,H has a linear (∆(G)+15)-
coloring c using the color set C . We color v with a color a ∈ C \ ({c(x), c(y), c(z)} ∪ C≥2((NG(x) ∪ NG(y) ∪ NG(z)) \ {v})).
Since |{c(x), c(y), c(z)} ∪ C≥2((NG(x) ∪ NG(y) ∪ NG(z)) \ {v})| ≤ 3+

d(x)−1+d(y)−1+d(z)−1
2

≤ 3+∆(G)− 1+

d(z)−1
2

≤
∆(G)+ 2+ 12⌊8− 1⌋ ≤ ∆(G)+ 5, a exists.
If G contains a 4-vertex v adjacent to x, y, z, u, we set H = G − v ⊕ {xy, zu}. By the induction assumption, H
has a linear (∆(G) + 15)-coloring c using the color set C . We color v with a color a ∈ C \ ({c(x), c(y), c(z), c(u)} ∪
C≥2((NG(x) ∪ NG(y) ∪ NG(z) ∪ NG(u)) \ {v})). Since |{c(x), c(y), c(z), c(u)} ∪ C≥2(NG(x) ∪ NG(y) ∪ NG(z) ∪ NG(u)) \ {v}| ≤
4+

d(x)−1+d(y)−1+d(z)−1+d(u)−1
2

≤ 4+ 2∆(G)− 2 ≤ ∆(G)+ 10, a exists.
Now, assume that δ(G) = 5. By Lemma 8,G contains a 4-cycle vxuyvwith a chord vu such that d(v) = 5 and d(u) ≤ 6. Let
s and t be the other neighbors of v different from x, y, u. LetH = G−v⊕{xy, st}. It is easy to see thatH is a planar graphwith
∆(H) ≤ 8. By the induction assumption, H has a linear (∆(G)+ 15)-coloring c using the color set C . Note that x, y, u have
different colors, and s, t have different colors. We color v with a color a ∈ C \ ({c(x), c(y), c(u), c(s), c(t)} ∪ C≥2((NG(x) ∪
NG(y)∪NG(u)∪NG(s)∪NG(t))\{v})). Since |{c(x), c(y), c(u), c(s), c(t)}∪C≥2((NG(x)∪NG(y)∪NG(u)∪NG(s)∪NG(t))\{v})| ≤
5+

d(x)−1+d(y)−1+d(u)−1+d(s)−1+d(t)−1
2

≤ 5+ 2∆(G)− 2+

d(u)−1
2

≤ 2∆(G)+ 3+ 12⌊6− 1⌋ ≤ ∆(G)+ 13, a exists.
Case 2.∆(G) ≥ 9.
By Lemma 9, G contains a vertex v with k neighbors v1, v2, . . . , vk with d(v1) ≤ · · · ≤ d(vk) satisfying (A1), (A2) or (A3).
• If (A1) holds, let H = G− v ⊕ {v2v3}, which has a linear (∆(G)+ 15)-coloring c using the color set C . We color v with a
color a ∈ C \ ({c(v1), c(v2), c(v3)}∪C≥2((NG(v1)∪NG(v2)∪NG(v3))\ {v})). Since |{c(v1), c(v2), c(v3)}∪C≥2((NG(v1)∪
NG(v2) ∪ NG(v3)) \ {v})| ≤ 3+

d(v1)−1+d(v2)−1+d(v3)−1
2

≤ 3+

11−1+∆(G)−1+∆(G)−1
2

= ∆(G)+ 7, a exists.
• If (A2) holds, let H = G − v ⊕ {v1v2, v3v4}, which has a linear (∆(G) + 15)-coloring c using C . We color v with a color
a ∈ C \ ({c(v1), c(v2), c(v3), c(v4)} ∪ C≥2(4i=1 NG(vi) \ {vi})). Since |{c(v1), c(v2), c(v3), c(v4)} ∪ C≥2(4i=1 NG(vi) \
{vi})| ≤ 4+

d(v1)−1+d(v2)−1+d(v3)−1+d(v4)−1
2

≤ 4+

7−1+11−1+∆(G)−1+∆(G)−1
2

= ∆(G)+ 11, a exists.
• If (A3) holds, let H denote the graph obtained from G by contracting the edge vv1 into a new vertex v′ (and removing
multiple edges, if any, such that there exists only one edge between any two adjacent vertices). We note that dH(v′) =
d(v) + d(v1) − 2 ≤ 5 + 6 − 2 = 9 ≤ ∆(G). Thus, H is a planar graph with ∆(H) ≤ ∆(G) and |V (H)| < |V (G)|. By
the induction assumption, H has a linear (∆(G)+ 15)-coloring c using C . Clearly, c(v′) ∉ {c(v2), c(v3), c(v4), c(v5)}. In
G, we color v1 with c(v′), and recolor v with a color a ∈ C \ ({c(vi)|i = 1, 2, . . . , 5} ∪ C≥2(5i=1 NG(vi) \ {v})). Since
|{c(vi)|i = 1, 2, . . . , 5} ∪ C≥2(5i=1 NG(vi) \ {v})| ≤ 5+ ∑5i=1(d(vi)− 1)/2 ≤ 5+  6−1+7−1+11−1+∆(G)−1+∆(G)−12  =
∆(G)+ 14, a exists. This completes the proof of the theorem. 
LetG be a plane graph. A cycle C inG is called separating if its interior and exterior contain at least one vertex, respectively.
A bunch B of length m ≥ 3 with poles x and y, where x ≠ y, is a sequence of paths P1, P2, . . . , Pm having the following
properties:
(a) Each Pi has length 1 or 2 and joins x and y;
(b) For each i = 1, 2, . . . ,m− 1, the cycle formed by Pi and Pi+1 is not separating;
(c) This sequence of paths is maximal in the sense that there is no path P0 (or Pm+1) that can be added to Bwith preserving
properties (a) and (b).
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If Pi is of length 2, say Pi = xviy, then vi is called a brother. If Pi = xy, then xy is called a parental edge. The vertices v1 and
vm (if existing) are called the end vertices of B. If m ≥ 3, then the vertex vi, with 2 ≤ i ≤ m − 1, in B is called interior, and
furthermore strictly interior if 3 ≤ i ≤ m − 2. Note that each interior vertex has degree 2, 3, or 4 and adjacent only to the
poses and possibly to one or two of brothers.
Borodin et al. [2] introduced the concept of the bunch in a plane graph and established a structural theorem on plane
graphs. For our purposes, we only give the following simplified version of their theorem.
Lemma 11 ([2]). Every plane graph G contains one of the following configurations:
(B1) a k-vertex v, k ≤ 5, with neighbors v1, v2, . . . , vk such that d(vi) ≤ 25 for all i = 1, 2, . . . , k − 1, and d(v1) + d(v2) +
· · · + d(vk−1) ≤ 38;
(B2) a pole x for a bunch B with at least d(x)5 − 1 brothers and d(x) ≥ 26.
Theorem 12. If G is a planar graph, then
lc(G) ≤ max

⌊0.9∆(G)⌋ + 5;

∆(G)
2

+ 25

.
Proof. Assume to the contrary that G is a minimal counterexample (i.e., having as less as possible vertices), which is
embedded in the plane. Then G is connected and δ(G) ≥ 2. Moreover, it is easy to see by Theorem 10 that ∆(G) ≥ 21
because lc(G) ≤ ∆(G) + 15 ≤

∆(G)
2

+ 25 if ∆(G) ≤ 20. Let C = {1, 2, . . . , K} denote a set of K colors, where
K = max

⌊0.9∆(G)⌋ + 5;

∆(G)
2

+ 25

. By Lemma 11, we have to handle the following two cases:
Case 1. G contains a configuration (B1).
By symmetry, we may assume that d(v1) ≤ d(v2) ≤ · · · ≤ d(vk). If k = 2, then d(v1) ≤ 38. Let H = G − v. By
the minimality of G,H admits a linear K -coloring c using the color set C . We color v with a color in C \ ({c(v1), c(v2)} ∪
C≥2(NH(v1) ∪ NH(v2))). Since |{c(v1), c(v2)} ∪ C≥2(NH(v1) ∪ NH(v2))| ≤ 2 +

d(v1)−1+d(v2)−1
2

≤ 2 + ⌊ 38−1+d(v2)−12 ⌋ ≤
∆(G)
2

+ 20 < K , v can be linearly colored, a contradiction.
Assume that 3 ≤ k ≤ 5. Then d(v1) ≤ 19. Let H be the graph obtained from G by contracting the edge vv1 into a
new vertex v′. In order to show that ∆(H) ≤ ∆(G), it suffices to verify that dH(v′) ≤ 21. Indeed, if k = 3, we have
dH(v′) ≤ d(v) + d(v1) − 2 ≤ 3 + 19 − 2 = 20. If 4 ≤ k ≤ 5, then d(v1) ≤ 12 and hence dH(v′) ≤ d(v) + d(v1) − 2 ≤
5 + 12 − 2 = 15. By the minimality of G,H has a linear K -coloring c using C . In G, we color v1 with c(v′), and v
with a color in C \ ({c(v1), . . . , c(vk)} ∪ C≥2(ki=1 NG(vi) \ {v})). Since |{c(v1), . . . , c(vk)} ∪ C≥2(ki=1 NG(vi) \ {v})| ≤
k +

d(v1)−1+d(v2)−1+···+d(vk)−1
2

≤ k +

∆(G)+38−k
2

≤ 5 +

∆(G)+38−3
2

≤

∆(G)
2

+ 22 < K , v can be linearly colored, a
contradiction.
Case 2. G contains a configuration (B2).
Assume that v1, v2, . . . , vm are all the brothers of B in their order. Since d(x) ≥ 26,m ≥ 5. There is a strictly interior
vertex vi, 3 ≤ i ≤ m − 2, in B. Let y be another pole of B. Let H = G − vi ⊕ xy. By the minimality of G,H has a
linear K -coloring c using C . We color vi with a color in C \ ({c(x), c(y), c(vi−1), c(vi+1)} ∪ C≥2((NG(x) ∪ NG(y)) \ {vi})).
Since |NH(x) ∩ NH(y)| ≥ d(x)5 − 2, we have |{c(x), c(y), c(vi−1), c(vi+1)} ∪ C≥2((NG(x) ∪ NG(y)) \ {vi})| ≤ 4 +
1
2

d(x)− 1+ d(y)− 1−

d(x)
5 − 2

≤ ⌊0.9∆(G)⌋ + 4, whereas |C | ≥ ⌊0.9∆(G)⌋ + 5, the coloring for vi is available.
This completes the proof of the theorem. 
The following is a direct consequence of Theorem 12:
Corollary 13. If G is a planar graph with∆(G) ≥ 52, then lc(G) ≤ ⌊0.9∆(G)⌋ + 5.
We conclude this paper with the following problem:
Question 1. Is there a constant C such that lc(G) ≤

∆(G)
2

+ C for every planar graph G?
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